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Abstract

For Fi; F» C R® we de ne Add(Fi;Fz) as the smallest cardinality of
a family F C R for which there is no g € F; such that g+ F C F». The
main goal of this note is to investigate the function Add in the case when
one of the classes F1; F> is the class SZ of Sierpinski-Zygmund functions.
In particular, we show that Martin’s Axiom (MA) implies Add(AC;SZ) >
1 and Add(SZ;AC) = Add(SZ;D) = c, where AC and D denote the
families of almost continuous and Darboux functions, respectively. As a
corollary we obtain that the proposition: every function from R into R
can be represented as a sum of Sierpinski-Zygmund and almost continuous
functions is independent of ZFC axioms.

1 Introduction

The terminology is standard and follows [2]. The symbols R and Q stand for the
sets of all real and all rational numbers, respectively. A basis of R as a linear
space over Q is called Hamel basis. For Y R, the symbol Ling(Y ) stands for
the smallest linear subspace of R over Q that contains Y. The cardinality of a
set X we denote by jXj. In particular, jRj is denoted by c. Given a cardinal
, we let cf( ) denote the co nality of . We say that a cardinal is regular
provided that cf( ) =
B and M stand for the families of all Borel and all meager subsets of R,
respectively. We say that a set B R is a Bernstein set if both B and Rn B
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intersect every perfect set. For a cardinal number , aset A R is called
-dense if JAN 1] for every non-trivial interval I. For any planar set P, we
denote its x-projection by dom(P).

We consider only real-valued functions. No distinction is made between a
function and its graph. For any two partial real functions f;g we write f + g,
f g for the sum and di erence functions de ned on dom(f)\dom(g). The class
of all functions from a set X into a set Y is denoted by Y . We write fjA for the
restriction of f 2 Y X to theset A X. For B R" its characteristic function
is denoted by . If f;g 2 Y, we denote the set fx 2 X : f(x) = g(x)g by
[f = g]. For any function g 2 RX and any family of functions F  R* we de ne
g+F="Ffg+f:f2Fg.

The cardinal function A(F), for F  RX, is de ned as the smallest cardi-
nality of a family F R for which there is no g 2 RX such thatg+F F.
It was investigated for many di erent classes of real functions, see e.g. [5], [6],
[13]. In this paper we generalize the function A by imposing some restrictions
on the function g. Thus for F1;F> RX we de ne

Add(Fy;F2) =minfiFj: F R* & :992F1g+F Fog [f(R™)"g:

Observe that A(F) = Add(R*;F) for any set X, so the function Add is
indeed a generalization of the function A. Notice also the following properties
of the Add function.

Proposition 1 LetF;, F, RXandF RX.
(1) Add(F1:F) Add(Fs: F).

(2) Add(F:F;) Add(F:Fy).

(3) Add(F1:F,) 2ifandonly ifRX=F, F;.
(4) 1f Add(F1:F,) 2then F1\F, & :.

(5) A(F) = Add(F;F) + 1. In particular, if A(F) 1 then Add(F;F) =
A(F).!

Proof. The properties (1)-(4) are obvious. We will prove (5). It is clear that
Add(F;F) A(F). On the other hand, observe that A(F) Add(F;F) + 1.
To see the above let F RX be such that jFj = Add(F;F) and

9g2F g+F F:

Then we have
:99g2RX g+ (F [fog) F;

where 0: X ¥ R is a function identically equal to zero.

IVery similar observation, in a little bit di erent context, was obtained independently by
Francis Jordan [8, Proposition 1.3].



So the conclusion is obvious in the case A(F) Y. Therefore we will con-
centrate on the case A(F) = k for some k 2 . Recall that the function A is
bounded from the bottom by 1, thus k 1. From the previous argument we im-
ply that Add(F;F) k 1. Sowe only need to justify that Add(F;F) k 1.

;i fer fg witnesses Add(F; F) k1. Indeed, assume by contradic-
tion, that we can nd a function f 2 F such that (f; fy) +f 2 F for every
i =1;:::;k 1. Then the function f f, shifts the set ffy;:::;fxg into F.
Contradiction. |

Our main goal is to investigate the function Add in the case when one of the
classes F1; F, is the class of Sierpinski-Zygmund functions. Before we state the
main result of the paper, let us recall the following de nitions.

For X R"afunction f: X ¥ Ris:

additive if F(x +y) = f(x) + f(y) for all x;y 2 X such that x +y 2 X;

almost continuous (in sense of Stallings) if each open subset of X R
containing the graph of f contains also graph of a continuous function
from X to R;

connectivity if the graph of fjZ is connected in Z R for any connected
subset Z of X;

countably continuous if it can be represented as a union of countably many
continuous partial functions;

Darboux if f[K] is a connected subset of R (i.e., an interval) for every
connected subset K of X;

an extendability function provided there exists a connectivity function
F: X [0;1] ¥ R such that f(x) = F(x;0) for every x 2 X;

peripherally continuous if for every x 2 X and for all pairs of open sets U
and V containing x and f(x), respectively, there exists an open subset W
of U such that x 2 W and f[bd(W)] V;

Sierpinski-Zygmund if for every set Y X of cardinality continuum c,
fjY is discontinuous.

The classes of functions de ned above are denoted by AD(X), AC(X),
Conn(X), CC(X), D(X), Ext(X), PC(X), and SZ(X), respectively. The family
of all continuous functions from X into R is denoted by C(X). We drop the
index X in the case X = R



set. (See [10].) It is also well-known that each continuous partial function can
be extended to a continuous function de ned on some G set. (See [12].) Thus if
j[f = glj < cfor each continuous partial function g de ned on some G -set then f
is Sierpinski-Zygmund. Recall also that each additive function f 2 AD is linear
over Q, i.e., for all p;q 2 Q and x;y 2 R we have f(px + qy) = pf(x) + qf(y).

The above classes are related in the following way (arrows ¥ indicate
proper inclusions.) (See [3] or [7].)

C Ext — AC = Conn — D — PC
For functions from R into R.
*AC(R”)
C(RM) — Ext(R™) = Conn(R") = PC(R") — AC(R™)\ D(RM) i
D(R™)

For functions from R" into R with n 2.

The class of Sierpinski-Zygmund functions is independent of all the classes
included in the above chart in the following sense. There is no inclusion between
SZ and AC; Conn; D; or PC. SZ is disjoint with C and Ext. (See also comment
below Corollary



The following remains an open problem. (See Fact 15.)

Problem 3 Does the equality Add(AC;SZ) = I hold in \ZFC + MA" (or in
\ZFC + CH"?)

Let us make here some comments about the theorem. Parts (1) and (3) give
only lower bound for Add(AC; SZ). So one may wonder whether it is possible
to give in ZFC any non-trivial upper bound for that number. However, in the
model used to prove (3) it is possible to have ¢c* = 2¢, so it cannot be proved
in ZFC that Add(AC;SZ) < 2¢. But it is unknown whether Add(AC;SZ) c¢*
in ZFC. The next comment is about symmetry of Add. It is consistent that
A(SZ) < 2¢. (See [5].) Hence the part (4) implies that Add is not symmetric in
general.

Next we give some corollaries of the main result. To state the rst one, note
that Sz =f f:f 2 SZg = SZ. This observation, Proposition 1 and the part
(2) of Theorem 2 immediately imply the following corollary.

Corollary 4 (MA) Every function f: R ¥ R can be represented as a sum of
almost continuous and Sierpinski-Zygmund functions.



Proof. Foreveryn 2if f 2 AC(R")\SZ(R") then fjR? 2 AC(R?)\SZ(R?).
(See [13].) Hence it is enough to prove the remark for n = 2. We construct
the family fBy : y 2 Rg of c-many blocking sets in R® with pairwice8.C(






f ,jJ B. From the de nition of g and MA we see that S < f =d
is of rst category as the union of less than c|nany sets of rst category.
Recall that F 2 Fa. Thisimpliesthat (INA)n - _ - ¢ [(F f)=q]is
of second category for every nontrivial intervag. Thesﬁlbove holds because
otherwise we would have that (K \ A) < . ferl(f f) = q]
for some K 2 Bn M. Then for every x 2 (K \ A) thereare < g
and f 2 F such that f (x) f(X) =q(x). De ne h: (K\A) ¥ R by
g(x) =f X q(x)§ f(X). It is easy to see that h is a subset of both

< ,(f @) and F. In particular, it implies that h 2 C=(K\A)
which contradicts the assumption that F 2 Fa.

S S
Hence A NA)n  _ _( ¢e[(f F)=qL[[f =q[D)is of second
category. Therefore D ,\J & ;. Thisimpliesg’\B g ,\B&; (@ ,
and T , coincide on D , \J).

(2) Let g” : Andom(g’) ¥ R be a Sierpinski-Zygmund function such that

g’ +F SZpart. Such a function exists because jFj < A(SZ). We de ne
g =9 [g”. We see that g 2 SZ(A), any extension of g onto R is in AC, and
g+F SZ(A). [ ]

Lemma 13 (MA) Let ffig! RR, n=1;2;:::. There exists f/g} 2 Fa such
that fijA; 2 C=°(A;), where A; = [fi & f]].

Proof. The proof is by induction on number n of functions.

Assume that the lemma is true for every fgig?‘1 RR; n 1. Letus x
ffig?  RR. We will construct a family ff/g} 2 Fa such that fij[f; & f]] 2
C=¢([fi& f/]) foralli n.

We start with showing that the following claim holds for all ;h;h’ 2 RR,

If fj[f & h] 2 C.¢ and hj[h & h'] 2 C53 then fj[f & h'] 2 C5:
This is so because we have that [f & h'] [f & h] [ [h & h’] and consequently
fiiff&h'l fi(f&eh [[h&h]) =Ffjf&h] [ fi((h&h']n[f&h])
filf &h] [ hj[h&h']:

This completes the proof of the claim.
Now observe that, by the inductive assumption, there exists fhijg) 2 Fa
such that fij[f; & h;] 2 C‘facrt folt



There exists a maximal element Amax in Bf,:....¢, With respect to the relation
* de ned by

X1 " Xy; if XgnX; is of rst category.



in R?, we obtain that Sn<! fnjAn is also meager as a union of countably many
megger sets. We conclude from thig thagthere exists a meager horizontal section
of <1 fnjAn. Thereforetheset Fn _, f,jA, contains a constant function
de ned on comeager Borel set. [ ]

Using very similar technique as the above we can prove
Fact 15 (CH) Either Add(AC;SZ) =1 or Add(AC;SZ) >c.

Proof. Letusassumethat F =f : <cg R® witnessgs Add(AC;SZ) c.
For every n < I, de ne a function f; as an extention of  __ mp onto R,
where fM" : n < I, < cg is an Ulam matrix. We claim that ff}: n < Ig
witnesses Add(AC;SZ) !. To see this x an h 2 AC. By our assumption
about F, there exists an o <csuch that h+f , 2 SZ. ghat means h+f , is
continuous on a set X of cardinality continuum. Since Rn ~ _, M" is countable
we obtain that jX \ M"'j = ¢ for some m < I. Hence h + fg, is continuous on
a set of cardinality continuum which means that h + f, & SZ. [ ]

Proof of Add(AC;SzZ) I (under MA).

a corresponding family given by Lemma 13 for A = R. Based on Lemma 12, we
can ndag 2 AC\SZsuch that g+ F’ SZ. Since fij[f] & f;] 2 C5; and
g 2 SZ, we obtain that g +f; 2 SZ (fori =1;2;:::, n.) [ |

In order to prove part (2) of Theorem 2 we need to state one more lemma.
Lemma 16 Add(SZ;D) 2=-.

Proof.



Since f'j[f’ & T ]2 C5¢ and SZ(X) + C<‘(X)5= SZ(X) for every X R, we
conclude thatg +f 2SZpa, < .Puth= _ (g +f). Since Martin’s
Axiom implies the regularity of ¢ we obtain that h 2 SZ. Clearly, h+F  AC.
|

As the nal remark let us notice that parts (1) and (2) of the main result
as well as Lemmas 12 and 13 could be proved under weaker assumptions. The
proofs require only two consequences of Martin’s Axiom: ¢ = ¢=¢ (this implies
regularity of c); the union of less than c-many meager sets is meager.

3 Proof of Theorem 2 (3)

We will show that the existence of c-additive -saturated ideal J in P (R) con-
taining M implies Add(AC;SZ) > c. It is known that the existence of such an
ideal is equiconsistent with \ZFC + 9 measurable cardinal."? (See [9].)

First notice that we may assume that J \ B = M. To see this suppose that
there exists a Borel set B of second category in J. B is residual in some open
interval I. Then I 2 J because I nB is meager and I = (B\ 1) [ (I nB).
Now, let U be a maximal open set belonging to J. Such a set exists because
the union of all open sets from J can be represented as a union of countable
many such sets. We have that R n U contains a nonempty open interval Ig.
Otherwise it would be nowhere-dense and then R=U [(RnU) 2 J. Now, any
homeomorphism between 1o and R induces the desired ideal on R.

The schema of the proof is similar to the idea of combining Lemmas 12 and
13 in the proof of Add(AC;SZ) I. First step is to show that

() for each f: R ¥ R there exists an f7 2 RR such that fj[f & f7] 2 CCpart
and F7jX 2 CC(X) for every X 2 J.

To see this x an ¥ 2 RR. We claim that there exists a set Y such that
fjy 2CC(Y)and Y’ 7Y forall Y’ satisfying fjY’ 2 CC(Y’), where 7 is
de ned by

Z, 72y, ifZ1nZ,23J:

If the claim did not hold then we could easily construct a strictly increas-



In the next step we x a family F of real functions of cardinality c¢. Let
F =fh : < cg be an enumeration of F and hf : < ci be a sequence of
all continuous functions de ned on G subsets of R. Based on the previous
reasoning we may assume that h §< 2 CC(X) forevery X 2 J and < c.

Noticgthat if ; <candf jX . < (f h)then X 2 J. Thisis so since
X < [F =T h]andgveryset[f =f h]l=h=f f]2J.
Consequently, the set dom(f n . _ (f h )) does not belong to J provided
dom(f )& J.

Now we construct a sequence hg : < ci of partial functions such that

L
g is a countable dense subset of ¥ n ((f h)LFf [L(



Proof. Lethx : <ciandhf : <ci be the sequences of all real numbers
and all continuous functions de ned on a G subset of R, respectively. We will
de ne the set X by de ning its vertical sections by trans nite induction. For
every < c we put

Xx, =Rnff (x ): < @

S
Put X = _ fx g Xx,. Itisobvious that X has the required properties.

Corollary 20 There exists a §r@'ly TQx R: x 2 Rg of pairwise disjoint
countable dense sets such that xer Qx is an SZ-set.

The next lemma is proved in [6].

Lemma 21 [6, Lemma 2.2] If B R has cardinality c and H QB is such
that jHj < 2¢ then there is a g 2 QB such that h\ g & ; for every h 2 H.

We give more general version of this lemma.

Lemma 22 If B (5% has cardinality c and H QxeB Qx is such that jHj < 2¢
then thereisag2 ~, g Qx such that h\ g & ; for every h 2 H.

Proof. For every x 2 B let fx: Qx ¥ Q be a bijection. Now, for each h 2 H
we de ne h’ as follows

h'(x) =22  (2)]TJ/F58=F11 9.963 Tf 10.79 OhB55y



Q

Now, let g 2 =, .z Qx be a common extension of all functions g;;p;m). Corol-
lary 20 implies that g is of Sierpinski-Zygmund type. The function g has also
the following property. For every hl;p;mi 2 G and every T 2 F there exists
X2 B(;p;my | such that

. .1
ip (f(X)+g(X))J<5-

So, each function f + g, for f 2 F, is dense in R?. Thus f +g 2 PC. [ ]

5 Proofs of Theorems 9 and 10

In this section we present proofs of Theorems 9 and 10. Before we do this, let
us recall some de nitions and cite some theorems. Let h 2 Ext. We say that
aset G R is h-negligible provided f 2 Ext for every function f: R ¥ R for
which £ = h on a set RnG. For a cardinal number ¢, afunctionf:R T R
is called  strongly Darboux if f~1(y) is -dense. If =1 then we simply say
that f is strongly Darboux. We denote the family of all  strongly Darboux
functions by D( ). It is obvious from the de nition that

D( ) D() forall cardinals C:

We also introduce the family D(P) of perfectly Darboux functions as the class
of all functions f: R ¥ R such that Q\ f~1(y) & ; for every perfect set Q R
and y 2 R. In other words, a function f is perfectly Darboux if for everyy 2 R
f-1(y) is a Bernstein set. Notice that D(P) D( ) for every C.

The following theorem is proved in [4].

Theorem 23. A(AC) = A(D) = A(D(11)).

A little modi cation of the proof of the above theorem gives the following
lemma.

Lemma 24 Let F 2 fAD; Extg. Then Add(F; AC) = Add(F; D).

The proof of Lemma 24 requires the use of the following lemma and propo-
sition.

Lemma 25 Let X be any set of cardinality continuum and F R satis es
the condition jFj < A(D). There exists ag: X ¥ R such that (g+f)~(y) & ;
for eachy 2 R.

Proof. Let b: R ¥ X be a bijection. By Theorem 23 and monotonicity of A
we have that A(D) = A(D(1)). Hence we can nd ag’: R ¥ R satisfying the
property that g’ + (f b) 2 D(!) foreach f 2 F. Putg =g’ b~ Clearly, g is
the desired function. [ ]

14



Proposition 26 A(D) = A(D(P)).

Proof. Fix a family F  RR of cardinality less than A(D). Next,let fB : <
cgand fP : < cg be a family of pairwise disjoint Bernstein sets and an enumer-
ation of all perfect subsets of R, respectively. We de ne the sequence hA : <ci
by A =B \ P . Obviously the sets A are pairwise disjoint and each one of
them has cardinality c. Applying Lemma 25 for every < c separately, we get
a sequence of functions hg : A ¥ R j < ci such that for every < c the
following holds
8f2F 8y2R (g +F) Y(y) & ;:

S
Now, if g 2 RR is any extension of ~ __.g onto R theng+F D(P). [ ]

Proof of Lemma 24.
First we show that

( ) Add(F;Fp) > c for Fog 2 TAC; D(11)g.

Let us x a family F RR with cardinality c. To prove the case F = AD
consider a c-dense Hamel basis H. There exists a partition fB¢: ¥ 2 Fg of
H into c-dense sets. Since the projection of every blocking set in R? contains
an interval, we can nd, for every f 2 F, a partial function g¢: Bf ¥ R such
that g¢ + T intersects every blocking set in at least !; points. Thus every
extension of g¢ + f onto R is almostgzontinuous and 1, strongly Darboux. If
g 2 RR is any function containing fcr Of then g + F AC\ D(1;). In
particular, we can choose g to be an additive function. Hence Add(AD; Fp) > ¢
for Fo 2 TAC; D(11)g.

Now consider the case F = Ext. If Fp = AC then we have the inequality
Add(Ext;AC) Add(Ext; Ext) = A(Ext) = c¢* > ¢ which follows from Propo-
sition 1 (2)&(5). Now, let us focus on the case Fo = D(



Consider a family G RR of cardinality witnessing = Add(F;D(11)).
We de ne a new family G* = fh 2 RR: 99 2 G h =* gg, where h =* f if
and only if jfx: h(x) & f(x)gj I. Notice here that jG*j = . This is so
because > c and for every f 2 RR the set fh 2 RR: h =* fg has cardinality
c. We claim that G* witnesses Add(F; D). Indeed, let f 2 F. Then, by
the choice of G, there exists a g 2 G satisfying the following f +g 2 D(!,).
This implies the existence of a non-trivial closed interval | and y 2 R for which
JIN(F+9)~1(y)j . By modi cation of g on a countable set, we get a function
g* 2 G* with the property that (F +g*)[I]\( d;y) & ; & (F+g*)[I]\(y; 1)
andy 2 (f +g*)[l]. Therefore (f +g*) 2 D. This ends the proof of the equality
Add(F; D) = Add(F; D(!1)).

What remains to show is that Add(F; AC) = Add(F; D('1)). The inequality
Add(F;AC) Add(F;D)= Add(F;D(1,



Fix a family F  RR of cardinality less than 2¢. Now, a small modi cation in
the proof of the equality Add(SZ; PC) = 2 in Section 4 (the sets B y;p;m) can
be chosen to be subsets of R n Q), gives us a function g: R ¥ R which shifts F
into PC and which agrees with f on the set containing Q. In particular, g is an
extendable function.

(iv) The last part of Theorem 9 is proved by the following inequality

A(D) = A(AC) = Add(AC;AC) Add(Fi;F,) Add(D;D) = A(D):

Proof of Theorem 10.
(i) To prove the rst part of Theorem 10 we need one more lemma.

Lemma 27 Add(AD;D) A(D(P)). In particular, Add(AD; D) = A(D).

Proof. Let P R be a perfect set with the property that P [ flg is linearly
independent over Q. Observe that for every p;q 2 Q; p 2 f0;1g we have
(PP +g) \ P = ;. Now, consider a countable partition fP,: n < g of P
into perfect sets. Using this partition and the above observation wescan easily
construct a family fP?: n < 1g of disjoint perfect sets such that h<t P2 is
independent over Q and for every nontrivial interval I R thereisanm <!
such that P?, 1. Note that —,_, P;? is a c-dense meager F -set.

To prove the inequality Add(AD; D) A(D(P)) let us x a family F RR
such that jFj < A(D(P)). There exists a function g 2 RR satisfying the property
g gF D(P). We claim that if g°: R ¥ R is any additive extension of
9i <1 PZtheng?+F D. More precisely, for every f 2 F, g”+f is strongly
Darboux. To see this pick any f 2 F, y 2 R, and any interval 1. There exists
m < ! such that P, is contained in I. Furthermore, we can nd x 2 P2 |
for which g?(x) + f(x) = g(x) + f(x) = y. This shows that g” + f is strongly
Darboux.

The second statement in the lemma is proved by the obvious inequality
A(D) Add(AD;D) A(D(P)) and Proposition 26. |

Now, (i) follows from Lemmas 24, 27, and Proposition 1 (1).

(ii) Since Add(AD;Ext) A(Ext) =c*, it su ces to show the inequality
Add(AD;Ext) c¢*. Soforevery F =ff: <cg RRweneedto nda
g2 AD such thatg+F  Ext.

Let hD & < ci be a sequence of pairwise disjoint ¢ dense meager F sets
such that ~ __D s linearly independent over Q. Such a sequence can be
constructed in a similar way as the ¢ dense meager F -set in the proof of Lemma
27. Now, by [3, Proposition 4.3], for every <cwecan nd hSZ Ext such that
RnD ish -negligible. We de ne g as an additive extensionof  __ (h  f)jD .

To see that g + f 2 Ext for every , observe thatg+f =h on D . But
the set Rn D is h -negligible. So each g + f is extendable.

(iii) The prove of this part is similar to the prove of Theorem 2 (4). Fix
a Hamel basis H which is a Bernstein set. By choosing the sets B j.p;m) to

17
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